Abstract: We examine relative entropy in the context of the higher-spin/CFT duality. We consider 3d bulk configurations in higher spin gravity which are dual to low and high temperature states of a CFT with W-algebra symmetries in presence of a chemical potential for a higher spin current. The relative entropy between these states is then evaluated using the Wilson line functional for holographic entanglement entropy. In the limit of small entangling intervals, the relative entropy should vanish for a generic quantum system. We confirm this behaviour by showing that the difference in the modular Hamiltonian between the states matches with the difference in the entanglement entropy in the short-distance regime. Additionally, we compute the relative entropy between states corresponding to smooth solutions in the SL(2, Z) family.
Introduction
A major theme in the context of the AdS/CFT correspondence [1] has been the study of dualities between theories of higher spin gravity and CFTs with extended symmetries. Higher spin theories of gravity has considerably lesser fields than fullfledged string theories. At the same time, one hopes to capture some features of stringy geometries since they go beyond classical supergravity. The CFTs dual to these higher spin theories are not necessarily strongly coupled and are reasonably tractable. This enables us to learn a lot from both sides of the duality and understand holography at a deeper level.
The first of such higher-spin/CFT dualities was the one which related the O(N ) vector model in 3 dimensions to Vasiliev gravity in AdS 4 [2, 3] . A lower dimensional version was proposed by Gaberdiel and Gopakumar which related W N minimal models (or WZW coset CFTs) to higher spin gravity in three dimensions [4, 5] .
These dualities are essentially non-supersymmetric, unlike traditional versions of the AdS/CFT correspondence. There are now embeddings of both these dualities in string theory [6, 7] .
Unlike Vasiliev theory in four spacetime dimensions, higher spin gravity in three dimensions admits a simpler description in terms of a Chern-Simons theory based on the gauge group hs [λ] . Also, 2d CFTs are more tractable compared to higher dimensional ones. There has been a growing body of evidence in favour of the duality which includes matching of the spectrum, asymptotic symmetries and correlation functions [8] [9] [10] [11] [12] . Moreover, there exist explicit constructions for classical solutions in higher spin gravity in 3d [13] [14] [15] [16] [17] . The thermodynamics of the black holes has been extensively studied [18] [19] [20] [21] [22] [23] and some of their properties (like partition functions, correlation functions etc.) have been strikingly matched from the dual CFT [14, 24, 25] . See [26, 27] for recent reviews on the subject.
In the holographic context, another remarkable development is the evolution of geometrical methods for calculations of entanglement entropy in strongly-coupled field theories. Entanglement entropy is useful measure in quantum information theory, many-body physics and QFTs. It characterizes various topological phases, serves as an order parameter for phase transitions and has interesting connections to the entropy of black holes [28] [29] [30] [31] [32] [33] [34] [35] .
Entanglement entropy is typically difficult to calculate in quantum field theories. The Ryu-Takayanagi prescription however offers a simple and elegant route for the calculation of holographic entanglement entropy [36, 37] . It states that entanglement entropy of a sub-system A, is given by the minimal surface in AdS that ends on the boundary of A. This formula obeys strong subadditivity and has reproduced the area law in 2d-CFTs, amongst its other successes.
Since higher spin gravity goes beyond diffeomorphism invariance, one needs to rethink usual notions of differential geometry -like black hole horizons and the RyuTakayanagi minimal surfaces. Framed in the language of Chern-Simons theory, this means that we need to consider observables that are gauge invariant. The classical solutions which have been constructed have a gauge invariant characterization in terms of holonomies. The proposal for the holographic entanglement entropy for the case of higher spin gravity was given in terms of a Wilson line functional in [38] and [39] . We shall be using the proposal of [38] for the holographic calculations in this paper. The calculations using the Wilson line from gravity was also recently matched with direct computations in W-algebra CFTs [40, 41] .
In this work, we shall explore the concept of relative entropy in the context of higher spin holography. The relative entropy is a measure which characterizes how different two quantum states are. If σ and ρ are density matrices corresponding to the states, the relative entropy is defined as S(σ||ρ) = tr (σ log σ) − tr (σ log ρ) .
There also exists a 'thermodynamic-like' relation which relates the difference in entanglement entropy (∆S) and modular Hamiltonian (∆ H ) to relative entropy. Both these quantities are calculable using holographic techniques and one might expect to calculate the relative entropy as well [42] (see [43] [44] [45] [46] [47] [48] [49] for related works). We shall verify some of the key properties of relative entropy in W-algebra CFTs when deformed by a spin-3 chemical potential. The calculations will involve the Wilson line formula for holographic entanglement entropy. We shall evaluate the relative entropy between a high temperature state, which is dual to a higher spin black hole, and a low temperature state, which is dual to a conical surplus. These classical solutions are the higher spin analogues to the BTZ black hole and the thermal AdS 3 in Einstein gravity.
Statement of the problem and summary of results
The relative entropy between two states can be expressed as
where ∆ H is the difference in the expectation values of the modular Hamiltonians between the states and ∆S is the corresponding variation in entanglement entropy.
The relative entropy also obeys the following property
That is, in the regime of small sub-system sizes or short entangling intervals dim(A) dim(A ), we expect
It is this relation which we verify holographically for a large-c CFT with a W 3 symmetry and perturbed by a chemical potential for the spin-3 current.
The relative entropy is calculated between an excited/high-temperature state and the vacuum/low-temperature state. The dominant bulk configuration for the low temperature state is that of the conical surplus at finite chemical potential. On the other hand, at high temperatures the higher spin black hole is the dominant saddle. We evaluate the holographic entanglement entropy corresponding to these solutions using the holomorphic Wilson line functional. The modular Hamiltonians are calculated from the holographic stress tensors. We consider a CFT with a central charge 2 c on a circle of circumference (= 2πR). We obtain that at leading order in the interval size Rφ, the expressions for ∆S and ∆ H match.
Here, T is the temperature of the excited state and µ is the spin-3 chemical potential.
We have been able to show this matching in a perturbative expansion in (µ/R). One can, in fact, keep track of terms to arbitrary orders.
Furthermore, we calculate the relative entropy in the SL(2, Z) family of bulk solutions. The relative entropy may act an important measure of quantum distinguishability of the states corresponding to these bulk configurations from the dual CFT viewpoint. The bulk solutions are modular images of AdS 3 . They have a non-zero contribution to the full modular invariant partition function, Z[τ ] = Z AdS 3 aτ +b cτ +d [50] [51] [52] [53] . The result which we shall obtain is relevant even if one considers pure Einstein gravity (we need to set µ to zero).
Outline of the paper
This paper is organized as follows. In section 2, we review the definition of relative entropy, the modular Hamiltonian and its connections with the first law of entanglement. Section 3 contains a review the Chern-Simons formulation of higher spin gravity and classical solutions constructed therein. We then utilize the Wilson line prescription to calculate the holographic entanglement entropy corresponding to these classical solutions. In section 4, we calculate the relative entropy between excited and ground states using holographic methods. It is then shown that the relative entropy has the desired property in the short distance regime. We also calculate the relative entropy between any two states corresponding to smooth solutions in the SL(2, Z) family in the bulk. Section 5 has our conclusions. Appendix A calculates the Hawking-Page temperature for the phase transition between the dominant bulk saddles at high and low temperatures.
2 Relative entropy and the first law of entanglement
Relative entropy : definition and properties
In this section, we shall briefly review the definition and various properties of relative entropy which are relevant for the present problem. The reader may refer to [42, 54, 55] for more details.
The relative entropy is useful measure characterizing the closeness between two states in the same Hilbert space. For two density matrices σ and ρ, the relative entropy can be defined as follows 3 S(σ||ρ) = tr (σ log σ) − tr (σ log ρ) .
(2.1)
For example, if ρ gr is the density matrix corresponding to the ground state of the system and ρ ex being that of an excited state, then S(ρ ex ||ρ gr ) gives a measure of 'distinguishability' of the excited state from the ground state. Note that, (2.1) is not symmetric under the exchange of σ and ρ and doesn't strictly qualify as a measure of distance between two states. It can be shown that the relative entropy obeys the following properties 1. It is always non-negative (Klein's inequality)
2. It is invariant under unitary transformations on the density matrices
Since, unitary transformations are just a change of basis, it should not affect the distinguishability between two states.
It decreases upon partial tracing
This is true because the act of partial tracing restricts the amount information about the states and it becomes harder to distinguish between them.
It is additive
This is allowed by the non-symmetric definition of relative entropy (2.1).
The properties 2 and 3 above imply a general class of maps which ensures the non-increasing feature of relative entropy [54] . These are linear mappings which maintain the unit trace and hermiticity of the density matrix. They are referred to as Completely Positive and Trace Preserving (CPTP) maps.
The properties 1 and 3 also imply a monotonically decreasing property. For a pair of spatial bipartitionings of the system into A ∪ A and B ∪ B we have
Combining this with the non-negativity property of relative entropy, we have
Modular Hamiltonian and entanglement entropy
For a reduced density matrix ρ, corresponding to a particular many-body system or quantum field theory, the modular Hamiltonian (or entanglement Hamiltonian) H is defined by the following relation
One is allowed to express the reduced density matrix in the above form since it is positive-semidefinite and Hermitian. The entanglement entropy is defined as the von-Neumann entropy corresponding to the reduced density matrix ρ S(ρ) = −tr(ρ log ρ).
(2.5)
The first law
The definition of the relative entropy can be recast into the following form
Here, F (ρ) is the free energy
The relative entropy can then be expressed as (implicitly absorbing the factor of 1/T in H)
where, ∆ H = tr(σH) − tr(ρH) and ∆S = S(σ) − S(ρ).
Using the non-negativity property of the relative entropy (S(σ||ρ) ≥ 0), we obtain ∆ H ≥ ∆S.
(2.9)
The above inequality sets a bound on the variation of entanglement entropy between two states. The variation in EE is always lesser than the variation of the modular Hamiltonian. When the inequality of (2.9) is saturated, it is often referred to as the first law of entanglement [44, 46] . We shall now investigate two cases for which the inequality (2.9) gets saturated.
1. Consider a parameter λ which labels the states of the system ρ(λ). Let λ = 0 denote the ground state. The first order variation in λ of the entanglement entropy is
Thus, the equality is true to first order in perturbation theory in λ.
2. It was noted before, that the relative entropy vanishes in the limit of small sub-system sizes. Thus, combining (2.3) and (2.8) we obtain for a sub-system A
where, H A and S A denote the modular Hamiltonian and the entanglement entropy respectively.
In the holographic context, (2.10) was verified in [42] for a number of examples in arbitrary dimensions. It was also shown in [42] , that (2.11) holds good to leading order in sub-system sizes for 1+1 dimensional holographic CFTs.
This was shown by calculating the differences in H and S corresponding to the BTZ and thermal AdS 3 geometries -these backgrounds are dual to high and low temperature states of the dual CFT. Equation (2.3) and (2.11) can be understood from a holographic viewpoint 4 . A state in the CFT Hilbert space corresponds to a specific bulk configuration. However, for sufficiently small entangling intervals, the Ryu-Takayanagi minimal surface is insensitive about the details of the bulk geometry (i.e. presence of horizons etc.), since it is very close to the boundary of AdS. This forces the entanglement entropies (or equivalently the density matrices) to become close to that of the vacuum state.
In this work, we explicitly verify (2.11) for systems with a non-zero chemical potential (µ) corresponding to a higher spin current. We show that at leading order in sub-system sizes, ∆ H A = ∆S A . This will involve a generalization of (2.12) for non-zero µ.
Modular Hamiltonians in CFTs
For spherical entangling surfaces, S d−2 , in a d-dimensional conformal field theory, the expectation value of the modular Hamiltonian can be expressed in terms of the stress tensor [56, 57] 
One can obtain the modular Hamiltonian for R × H d−1 by conformal transformation of the above formula. This is followed by a coordinate transformation which maps R× H d−1 to the cylindrical geometry R × S d−1 . Performing this series of transformations in the 1 + 1 dimensional CFT results in the following expression for the modular Hamiltionian
where, we have considered a finite size system of length R and the entangling interval is of length φR. The stress tensor T 00 can also be written as L 0 +L 0 .
We shall be interested in calculating the quantities mentioned above for a CFT with W 3 symmetries at finite chemical potential for the spin-3 current. In the next section we shall examine how these quantities are calculated from the holographic setup.
Entanglement entropy from higher spin holography
In this section we shall review the Chern-Simons formulation of higher spin gravity in 2+1 dimensional spacetime. We then review the Wilson line proposal of [38] for holographic entanglement entropy. The holographic entanglement entropy is then calculated corresponding to the SL(3, R) higher spin black hole and the conical surplus saddles in the bulk. We also evaluate the entanglement entropy corresponding to a smooth solution γ in the SL(2, Z) family of solutions.
Basics of 3d higher spin gravity
The action describing Einstein gravity with a negative cosmological constant in three dimensions can written in terms of the difference of two Chern-Simons actions as follows
Here, A (= A a µ T a ) andĀ are SL(2, R) valued gauge connections which are linear combinations of the tetrad and vielbein
2)
The Chern-Simons level k is related to the radius of AdS 3 and the Newton's constant as
3)
It can also be expressed in terms of central charge of the dual CFT, via the famous Brown-Henneaux relation, k = c/6. Analogously, if we want describe a gravity theory with higher spins (s = 2, · · · , N ), the gauge group in (3.1) is then chosen to be SL(N, R). This facility of a consistent truncation to a finite tower of spins is only possible in 3d gravity. There exist various embeddings of the SL(2, R) in SL(N, R). We shall be restricting ourselves to the principal embedding which will be sufficient for the purposes of this paper.
Vasiliev theory in three dimensions consists of an infinite tower of spins (s ≥ 2) and a massive scalar. The gauge sector can be consistently decoupled from the scalar sector and is describable by the action in (3.1) with the gauge group hs[λ].
Classical solutions in SL(3, R) Chern-Simons theory
We shall now review classical solutions in SL(3, R) ⊕ SL(3, R) Chern-Simons theory. We include this for the sake of completeness and the expressions of the quantities which we shall write below shall be relevant for the calculation of entanglement entropy and the modular Hamiltonian corresponding to these backgrounds.
It is well known that the equations of motion of (3.1) read
Thus, all classical solutions in Chern-Simons theory are flat connections. We shall describe higher-spin black holes and conical surpluses (at non-zero spin-3 chemical potential) which are higher-spin generalizations of the BTZ black hole and thermal AdS 3 . All classical solutions admit a gauge invariant characterization, in terms the holonomy along specific cycles. We shall work with the Euclidean coordinate system (ρ, z,z), where z = φ + it E . The generators of sl(3, R) are denoted by {L 0,±1 , W 0,±1,±2 }.
Higher spin black holes
Higher spin black holes were constructed in [13] . They can be described by the following gauge connections
where, b = e ρL 0 and
We shall restrict ourselves to the static case which hasμ = −µ,L = L andW = −W.
The gauge invariant characterization of the black hole solutions above is given in terms of the holonomies of connections. For the case of black holes the thermal/time cycle is contractable in the bulk. The holonomy along the thermal cycle (z,z) → (z + 2πτ,z + 2πτ ) is
This holonomy is then imposed to be the same as that of the BTZ black hole principally embedded in sl(3, R), i.e.
The following conditions can be imposed as
There exist four solutions to the equations above which correspond to different thermodynamical branches of the higher spin black hole [19, 21, 58] . We shall confine our attention to the branch that is smoothly connected to the BTZ black hole as 
The thermodynamics of the such black holes have been extensively studied in a number of works (see [27] and references therein). It's worthwhile mentioning at this point that chemical potentials conjugate to the higher spin charges W andW are α andᾱ given by
where τ = (iβ + iβΩ)/(2π). For the non-rotating case Ω = 0 and α = µ/(2πiT ). It has been confirmed by CFT computations [14, 24] , that such black holes when appropriately generalized to hs[λ], describe a W ∞ [λ] CFT at high temperatures in the presence of a spin-3 chemical potential 5 .
Higher spin conical surpluses with chemical potential
The construction of conical defects in SL(N, R)-gravity was first shown in [15] . It was then generalized in [53, 58] for case of non-vanishing chemical potentials.
The flat connections for the conical surplus solutions are the same as that of (3.5). However, the crucial difference in this case is that the trivial holonomy condition is imposed along the angular (φ) direction
This holonomy is then imposed to be the same as that of thermal AdS 3 which has a contractable φ-cycle and a non-contractable τ -cycle
Once again, one has impose the above constraint in a similar manner The following conditions can be imposed as
The above equations admit two real solutions [58] . Just like the case of higher spin black holes we restrict our attention to the branch which is smoothly connected to thermal AdS 3 . The charges then take the following form For the case of Einstein gravity in AdS 3 it is known that the thermal-AdS is the dominant saddle at low temperatures, whereas the BTZ black hole dominates at higher temperatures. Furthermore, there exists a Hawking-Page phase transition at T c = 1/2πR [59] . Since the higher spin black hole is a generalization of the BTZ with non-zero spin-3 charges and chemical potential, we expect it to dominate at high temperatures. Similarly, at low temperatures we expect the conical surplus to be the dominant saddle. The black and the conical surplus are also bulk descriptions of a dual CFT in the high and low temperature phases respectively 7 . In the holomorphic formalism the Hawking-Page temperature for the phase transition between the conical surplus and the black hole is α is the chemical potential conjugate to the spin-3 charge W (3.11). The derivation of the above is shown in Appendix A.
The SL(2, Z) family of smooth solutions
It was shown in [53] that the conical surplus and the black hole we just described in the preceding sub-sections are special cases of a more generic family of solutions characterized by the modular parameter of the boundary torus,γτ
The geometry of the base space of these solutions is the solid torus. The contractible (A) and non-contractible (B) cycles of the torus are
The holonomies around these cycles are (Hol
The holonomy condition can then be imposed such that it belongs to center of the group SL(N, R). We shall be imposing the condition spec(ω A ) = 2πi ρ = (−2πi, 0, 2πi). 
(3.23)
Holographic entanglement entropy
In a higher spin theory of gravity the metric is not gauge-invariant. Therefore, usual notions of horizons or minimal surfaces do not form good quantities to describe quantities that are relevant to the dual CFT. The generalization of the Ryu-Takayanagi minimal area prescription [36, 61] to the case of higher spin gravity was recently provided in [38] and [39] . The appropriate gauge-invariant observable (akin to geodesics for the case of AdS 3 ) is that of the Wilson line. Since our calculation of the charges is in the holomorphic formalism, we shall use the holomorphically factorized version of Wilson line functional of [38] . The holomorphic prescription has also been verified perturbatively by CFT computations in [40, 41] .
According to [38] , the holographic entanglement entropy for the subsystem defined by the open-interval (P, Q) living on the boundary of AdS 3 is given by the functional
where,
The representation is chosen such the entanglement entropy reduces to the thermal entropy in the extensive limit ∆x β. For the specific case of SL(3, R) gravity, R is the 8-dimensional adjoint representation and σ R = 24. For gauge-connections of the form (3.5) it can then be shown that the Wilson line takes the form (generally for the non-static case),
Here λ i andλ i are the eigenvalues of a z andāz in the adjoint representation. ∆ is the length of the interval (distance between P and Q, |z P Q |). Λ −1 (= e −ρ 0 ) is the UV cutoff. We shall be using (3.26) to calculate the entanglement entropy corresponding the conical surplus, the higher spin black hole and smooth solutions in the SL(2, Z) family.
A suitable parametrization of the charges and chemical potentials was introduced in [62] 
The eigenvalues in the adjoint representation (0, ±λ 1 ± λ 2 , ±λ 3 ) then take the following form
The parameter C can in-turn be solved in terms of L as (it has got only one real solution)
Until this point in the calculation, no approximations have been made and the treatment is general for all solutions in the SL(2, Z) family without any reference to holonomy conditions.
EE corresponding higher spin black holes
We shall now find the entanglement entropy in the regime of small chemical potentials i.e. perturbatively in µ. Substituting the solutions to holonomy conditions (3.9) in (3.29) and then evaluating the eigenvalues and finally substituting them in the Wilson line formula (3.26), we obtain
One can systematically keep track of terms to any arbitrary order in (πµT ). Although we shall be working to higher orders, we do not quote the expressions here as they are large and are not particularly illuminating. The above formula holographically describes a W 3 CFT at large central charge c deformed by a chemical potential for the spin-3 current at high temperatures 8 . (3.30) is also true for finite size systems as finite size corrections (∼ e −πRT ) are suppressed in powers of 1/c [64] .
EE corresponding higher spin conical surpluses
In a similar manner, the entanglement entropy corresponding to the conical surplus solution can also be evaluated. The expression for the EE to order (µ/R) 2 is It may be noted here, that even if the CFT is at T = 0, the property S A = S A or S(φ) = S(2π − φ) is not obeyed for finite chemical potential. This is due to the presence of non-periodic functions in the second term of (3.31) . This shows the state doesn't remain pure when the chemical potential is switched on.
EE corresponding to smooth solutions in the SL(2, Z) family
The holographic entanglement entropy corresponding a member γ in the SL(2, Z) family of smooth solutions can also also be calculated. We use the perturbative expansion in µ for L given in (3.22) . We use ξ ≡ cτ + d for brevity. 
Relative entropy of holographic CFTs with a W 3 symmetry
We shall now utilize the results of the previous section to find the holographic relative entropy between the vacuum and a high-temperature/excited state in a W 3 CFT deformed by a spin-3 chemical potential. We shall also check the validity of the first law of entanglement, ∆H = ∆S, in the regime of small sub-system sizes (2.11).
Since we have also evaluated the expressions for the holographic entanglement entropy for a smooth solution in the SL(2, Z) family, we can find the relative entropy between two such solutions with different γ.
Relative entropy between the vacuum and excited states
In [42] the relative entropy was evaluated between the high and low-temperature phases of (1 + 1)d CFTs. It was also shown that the relation ∆H = ∆S is true to the leading order of sub-system sizes. We shall now try to generalize those results in the simplest theory of higher-spin gravity -the SL(3, R) Chern-Simons theory.
We shall employ the thermodynamic-like relation (2.8) to calculate S(ρ T ||ρ vac )
All quantities above are evaluated for the subsystem of size Rφ.
As mentioned previously, the high and low temperature phases of the W 3 CFT admit holographically dual configurations in terms of the higher spin black hole and the conical surplus respectively. The difference in entanglement entropies of the corresponding states is
Here we shall directly use the expressions for S T (φ) in (3.30) and S vac (φ) in (3.31). Expanding the result for ∆S(φ) for short sub-system/interval sizes (φ 1) (and keeping track of terms to some higher orders in µ/R) we obtain the following
It is obvious that for µ = 0, the expression reduces to that of ∆S(φ) evaluated between the BTZ and thermal AdS 3 geometries [42] . We shall now calculate the difference in the expectation values of the modular Hamiltonian ∆ H . We shall make use of the formula (2.14)
The stress tensor component, T 00 , can be written as follows
In the first equality we have used the tracelessness condition T zz = 0. In the second equality we have exploited the AdS/CFT dictionary that the holographic stress tensor, which appears in the Fefferman-Graham expansion of the metric, is equal to that of the CFT [65, 66] . (This is true even in the case of higher spin holography [62] . Furthermore, this way of reading out L is independent of whether we choose to work with the canonical or holomorphic formalism.) For the cases we shall be dealing with, the stress tensors (3.9), (3.15) and (3.22) do not have any coordinate dependence. We shall also confine our attention to the static caseL = L for simplicity. Equation (4.4) then simplifies to
The difference in the modular Hamiltonian between the high-temperature phase (dual to the higher spin black hole) and the low temperature phase (dual to the conical surplus) is then given by
where, we shall be using the expressions of (3.9) and (3.15) for L BH and L CS respectively. Investigating the behaviour at small entangling intervals, φ 1, we get
Quite remarkably, all terms in the perturbative expansion in µ/R, at the leading order in φ, match exactly with that of ∆S(φ) in (4.3). One can test the matching of the coefficients in (4.3) and (4.8) to an arbitrary order in (µ/R). The relative entropy is
We have thus established the following via holographic calculations : At the leading order in entangling interval sizes, ∆H = ∆S in a large-c CFT with a W 3 symmetry at finite higher spin chemical potential. This also verifies that the holographic entanglement entropy, calculated using the Wilson line functional, obeys the equation (2.11) which is generically true for a quantum mechanical system.
A few comments are in order, regarding the calculation above and the agreement of ∆S and ∆H.
1. It is interesting to note, that since our CFT is at a non-zero chemical potential, one might expect the naïve generalization of the first law of the thermodynamics to entanglement entropy in the regime of small interval sizes
Here, W is the expectation value of some higher spin 'modular charge' possibly calculated from the spin-3 charges W. However, we have seen by explicit computations that this expectation is not true 10 . Therefore, the modular Hamiltonian defined via (2.14) encodes the full information of the density matrix ρ. Here, ρ may have been defined a priori in the grand canonical ensemble.
2. In the light of recent agreement of the holomorphic Wilson line proposal of [38] with CFT computations [40, 41] , we have chosen to work in the holomorphic formalism of higher spin gravity. Furthermore, the entanglement entropy to O(µ 2 ) is universal for a W ∞ [λ] CFT. We therefore have the following (at leading order in small interval size φ)
(4.10)
to be true for any W ∞ [λ] CFT. 9 The detailed expression of the relative entropy at the leading order is
3. Note that there are other branches of the higher spin black hole and the conical surplus solution [19, 58, 67] . We have just focussed on the branches which are smoothly connected to the classical solutions in Einstein gravity. The branch of the higher spin black hole reduces to that of the BTZ black hole as µT → 0. For the conical surplus, the branch reduces to that of thermal AdS 3 as (µ/R) → 0. Also, there is an upper bound beyond which these branches cease to exist 11 .
BTZ-branch of the black hole : πµT < 3 16
AdS 3 -branch of the conical surplus :
This being the case, one cannot verify ∆ H = ∆S for arbitrary values of µ using the above procedure. It will be however interesting to evaluate the Wilson line functionals corresponding all the branches and thereby investigate the role of entanglement entropy in the phase structure of higher spin gravity.
4. The calculation of the holographic quantities (namely the stress tensors and entanglement entropies) have been performed in perturbation theory in µ β or µ R. So, the regime of validity of the expressions (4.3) and (4.8) is when µ is sufficiently small compared the length and temperature scales associated with the CFT.
5. The verification of ∆ H = ∆S also probes the short-distance behaviour of the holographic entanglement entropy. In [38] , it had been asserted that one might require to redefine the UV cut-off in the Wilson line functional at small distances. One might have anticipated this for a CFT with irrelevant deformations. However, the relative entropy (or rather ∆S) is insensitive to the UV cut-off and is free of divergences in 2d CFTs. We have explicitly seen that ∆S evaluated between the vacuum/low-temperature and excited/high-temperature states has the desired behaviour at short distances.
6. For interval sizes not necessarily short, we expect the inequality ∆ H ≥ ∆S. As remarked earlier, O(µ 2 ) correction to the relative entropy is universal for any W-algebra CFT. Since W ∞ [λ] for 0 ≤ λ ≤ 1 is a unitary CFT, ∆ H ≥ ∆S should hold true at O(µ 2 ). This can indeed be confirmed numerically.
Considering the thermal-AdS as the vacuum
In the calculation above, the bulk configuration corresponding to the CFT vacuum was taken to be that of the conical surplus solution. This is true if the vacuum state has a non-vanishing chemical potential. One might as well consider that the thermal AdS is the vacuum and the higher spin conical surplus is an excitation thereof. The relative entropy of the states in CFT corresponding these classical saddles can then be calculated with respect to the thermal AdS as the reference point or the ground state. The leading behaviours in the small sub-system regime then reveal the following. The difference in the relative entropies and modular Hamiltonians between that of the higher spin black hole and thermal AdS 3 is while that between the the concial surplus and thermal AdS 3 is Once again, we observe a matching of ∆ H and ∆S at the leading order in interval sizes.
Relative entropy in the SL(2, Z) family of solutions
In this subsection we shall find the relative entropy between two smooth solutions labeled byγ in the SL(2, Z). This was discussed previously in subsection 3.2. The relative entropy shall then give a measure of quantum distinguishability of two solutionsγ 1 andγ 2 belonging to the SL(2, Z) family. Herê
We also define
The entanglement entropy of solutions corresponding the SL(2, Z) family (Sγ) is given in equation (3.32). The variation ∆S SL(2,Z) between two states is then given by
For the case of zero spin-3 chemical potential we have
For non-zero µ, equation (4.14) has the following behaviour in the regime of small φ |ξ|. The change in the modular Hamiltonian, ∆H = Hγ 2 − Hγ 1 can be calculated using the equation (4.6) More generally, for sub-system sizes not necessarily short, the relative entropy between two states (ργ 1 and ργ 2 ) in the dual CFT corresponding to the smooth solutionsγ 1 andγ 2 of the SL(2, Z) family in the bulk is given by 19) where, ∆S and ∆ H are given by the equations (4.14) and (4.18).
Conclusions
The aim of this work was to verify the validity of the first law of entanglement, ∆ H = ∆S, in the regime of sufficiently short intervals and at a finite chemical potential. This ensures the vanishing of the relative entropy for small subsystem sizes which is expected to hold true for any quantum mechanical system. The systems we were interested in were CFTs dual to higher spin theories of gravity in the bulk. It is important to note, that the relative entropy was calculated between two non-perturbative states in the CFT Hilbert space. These correspond to two distinct instanton-like states in the dual gravity theory. Our calculations therefore provide a strong support in favour of the holomorphic Wilson line proposal for entanglement entropy in higher spin holography. The relative entropy which we have investigated here, is independent of the way we introduce the UV cut-off (and this is special to 2d CFTs). It is therefore a refined quantity in this sense when compared to entanglement entropy.
We have also calculated the relative entropy between two members in the SL(2, Z) family of smooth solutions. Although most solutions are sub-dominant in the calculation of the full gravity partition, they do have a non-zero contribution to the same. The relative entropy between two such solutions acts as a useful measure of quantum distinguishability of the states from the dual CFT point of view. Even the results with µ = 0 are relevant when one considers just Einstein gravity in AdS 3 .
We end with a short discussion on the possible generalizations of this work and some future directions. Our analysis was performed in the SL(3, R) Chern-Simons theory in the bulk and can hopefully be generalized to the case of hs [λ] . This shall enable us to verify the validity of ∆S = ∆ H for the dual W ∞ [λ] CFT about which a lot is known. However, technical and conceptual obstacles exist at present to evaluate the Wilson line functional in the infinite dimensional representation of hs [λ] .
It was speculated in [42] , that the equality ∆ H = ∆S presents an exciting possibility of reconstructing the modular Hamiltonian from the holographic entanglement entropy and one might potentially derive the full density matrix from it. It shall be fascinating to explore how such a possibility can be realized for 2d CFTs with W-algebra symmetries from their holographic duals. The free energy can be calculated from the Chern-Simons action after some appropriate shifts [67] . The bulk part of the action vanishes on-shell as the only contribution is from the boundary term. We focus on just the holomorphic part for the time being
Note that the order of the integrals is crucial. For the case of the black hole, the torus is foliated by disks of constant φ and the contractible cycle is over τ , so we require to do the t-integral first and then the φ integral. For conical surpluses, the foliation is by disks of constant-t and the order of the integrals is opposite to that of the black hole. Following the same procedure as [19] , one gets the result below for the free energy of the conical surplus [67] F CS = 4πL CS + 8πµW CS .
(A.
It was also shown in [19] , that the free energy of the black hole is
Upon substituting L BH, CS and W BH, CS from (3.9) and (3.15) we get the following expansions for the free energies in terms of the chemical potential α We can assume a power series solution for the Hawking-Page temperature at which the free energies of these competing saddles become equal. The Hawking-Page temperature is then obtained to be 
